Distribuições de codimensão um e grau 2 no espaço projetivo tridimensional by Galeano Anaya, Hugo Alberto, 1985-
UNIVERSIDADE ESTADUAL DE
CAMPINAS
Instituto de Matemática, Estatística e
Computação Científica
HUGO ALBERTO GALEANO ANAYA
Codimension One Distributions of Degree 2 on
the Projective Three-space




Hugo Alberto Galeano Anaya
Codimension One Distributions of Degree 2 on the
Projective Three-space
Distribuições de Codimensão um e Grau 2 no Espaço
Projetivo Tridimensional
Tese apresentada ao Instituto de Matemática,
Estatística e Computação Científica da Uni-
versidade Estadual de Campinas como parte
dos requisitos exigidos para a obtenção do
título de Doutor em Matemática.
Thesis presented to the Institute of Mathe-
matics, Statistics and Scientific Computing
of the University of Campinas in partial ful-
fillment of the requirements for the degree of
Doctor in Mathematics.
Supervisor: Marcos Benevenuto Jardim
Este exemplar corresponde à versão
final da Tese defendida pelo aluno
Hugo Alberto Galeano Anaya e ori-





Universidade Estadual de Campinas
Biblioteca do Instituto de Matemática, Estatística e Computação Científica
Ana Regina Machado - CRB 8/5467
    
  Galeano Anaya, Hugo Alberto, 1985-  
 G131c GalCodimension one distributions of degree 2 on the projective three-space /
Hugo Alberto Galeano Anaya. – Campinas, SP : [s.n.], 2020.
 
   
  GalOrientador: Marcos Benevenuto Jardim.
  GalTese (doutorado) – Universidade Estadual de Campinas, Instituto de
Matemática, Estatística e Computação Científica.
 
    
  Gal1. Teoria dos feixes. 2. Geometria algébrica. I. Jardim, Marcos Benevenuto,
1973-. II. Universidade Estadual de Campinas. Instituto de Matemática,
Estatística e Computação Científica. III. Título.
 
Informações para Biblioteca Digital





Área de concentração: Matemática
Titulação: Doutor em Matemática
Banca examinadora:
Marcos Benevenuto Jardim [Orientador]
Carolina Bhering de Araujo
Maurício Barros Corrêa Júnior
Renato Vidal da Silva Martins
Alan do Nascimento Muniz
Data de defesa: 16-11-2020
Programa de Pós-Graduação: Matemática
Identificação e informações acadêmicas do(a) aluno(a)
- ORCID do autor: https://orcid.org/0000-0002-6588-1406
- Currículo Lattes do autor: http://lattes.cnpq.br/9091291890846013  
Powered by TCPDF (www.tcpdf.org)
Tese de Doutorado defendida em 16 de novembro de 2020 e aprovada 
 





































A Ata da Defesa, assinada pelos membros da Comissão Examinadora, consta no 
SIGA/Sistema de Fluxo de Dissertação/Tese e na Secretaria de Pós-Graduação do Instituto de 
Matemática, Estatística e Computação Científica. 
 
 
      
 






Agradezco a Dios por haberme traído a este país tan hermoso lleno de gente
linda y amable, por haberme sustentado, dirigido y guardado todos estos años que no
fueron nada fácil. A mis padres, por los valores enseñados y el amor al trabajo, que hoy
están rindiendo frutos una vez más. A mi amada esposa Cindy Margoth y a mi preciosa
hija brasilera Priscila, por la compañía y el amor constante.
Ao professor Marcos Benevenuto Jardim, eu agradeço infinitamente, você me
ajudou em um momento difícil, você estendeu a sua mão e confiou em mim, você foi mais
do que um orientador, você é o melhor, Deus te abençoe sempre.
Ao meu amigo Douglas Manoel Guimarães, você me ajudou muito no início
desta jornada, muito obrigado. Ao meu amigo Danilo Rezende, muito obrigado pela sua
ajuda. Ao meu amigo Allan Suverov, obrigado pela força.
A mi hermano Robert quien me sugirió estudiar en la Unicamp, su esposa Lina
y su hija Válery, que estuvieron tambien en esta jornada aquí en Brasil, por la compañía y
su amistad. A toda mi familia en Colombia, mis hermanas Katy y Ketty.
A mis amigos de vieja guardia, que fueron un apoyo y sustento contante desde
lejos; a Jose, Nestor, Fercho, Andrés y Joan.
A mi Iglesia en Colombia Centro Familiar Cristiano en especial a los pastores
Oseias Pereira, Priscila Moreno, Omar Mass y Alejandra Acevedo, gracias por sus oraciones.
A mi bella abuela Olga Molina, gracias viejita por sus oraciones constantes.
A minha Igreja AD Belem Barão Geraldo, obrigado pelo apoio espiritual e
material, em especial ao Pastor Gabriel, Maria Silva, Nésio, Fábio, Laine, Tiago, Renata,
César, Álvaro, Rafael, Tamare, Fernanda. Obrigado Daniel Campos pela parceria nos dias
de pandemia.
A todas as pessoas e amigos que tive a grande alegria de conhecer na univer-
sidade; Carlos Palma, Jadira, Juan Carlos, Miquéias Lobo, Carolina, Carlao, Daniela,
Fabian, Tiago, Mauro, Rodrigo, Sergio Córdoba, Felipe Lamerk.
Aos professores Carolina Araujo, Mauricio Corrêa, Renato Vidal Martins, Alan
Muniz, Alana Cavalcante, Simone Marchesi e Charles Aparecido de Almeida por terem
aceitado fazer parte da banca.
A tudo o pessoal do Imecc, professores e demais, muito obrigado. A Daiana
Máximo Gonçalves, pelo ajuda desde o SAE.
Agradeço ao serviço de apoio ao estudante (SAE) pelo apoio financiero, muito
obrigado.
This study was financed in part by the Coordenação de Aperfeiçoamento de
Pessoal de Nível Superior - Brasil (CAPES) - Finance Code 001.
Resumo
Nosso objetivo é dar condições para determinar a existência de distribuições de co-
dimensão um e grau 2 onde as classes de Chern do feixe tangente são as seguintes;
p0, 2, 2q, p0, 3, 2q, p0, 3, 4q, p0, 3, 6q, para isso iremos investigar quando existem morfismos
injetores do feixe tangente para TP3, e depois disso teremos que tratar com o feixe tangente
de distribuições de grau 0 e 1. Também apresentaremos uma nova prova da existência de
distribuições com classes de Chern do feixe tangente iguais a p0, 1, 2q. Usaremos um mor-
fismo esquecedor $, do espaço de moduli Dstp2, 2, 2q das distribuições estaveis com classes
de Chern p0, 2, 2q, assumindo que existe, para o espaço de moduli dos feixes reflexivos
estáveis do posto 2 com classes de Chern p0, 2, 2q, Mp0, 2, 2q, para provar que Dstp2, 2, 2q
é irredutível de dimensão 25. Vamos mostrar que para feixes especiais nos espaços de
moduli Mp0, 3, 4q e Mp0, 3, 6q não existem distribuições com estes feixes especiais sendo
o feixe tangente, e usaremos este fato para provar que os espaços de moduli Dstp2, 3, 4q e
Dstp2, 3, 6q, assumindo que existem, são irredutíveis de dimensão 26 e 29 respectivamente.
Palavras-chave: Estável. Feixe Reflexivo. Distribuições. Espaços de moduli.
Abstract
Our goal is to give conditions to the existence of codimension one distributions of degree
2 where the Chern classes of the tangent sheaves are p0, 2, 2q, p0, 3, 2q, p0, 3, 4q or p0, 3, 6q
and study its moduli spaces. To do this we will investigate what are the conditions for
the existence of injective morphism from the tangent sheaf to TP3, and after that we will
have to deal with the tangent sheaf of distributions of degree 0 and 1. Also we will present
a new proof of the existence of distribution with the Chern classes of the tangent sheaf
equal to p0, 1, 2q. We will use a forgetful morphism $ from the moduli space Dstp2, 2, 2q
of stable distributions with Chern classes p0, 2, 2q, if it exists, to the moduli of stable
rank 2 reflexive sheaves with Chern classes p0, 2, 2q, Mp0, 2, 2q, to proof that Dstp2, 2, 2q is
irreducible of dimension 25. We will show that for special sheaves in the moduli spaces
Mp0, 3, 4q and Mp0, 3, 6q do not exist distributions with this special sheaves being the
tangent sheaf and will use this fact to proof that the modulis Dstp2, 3, 4q and Dstp2, 3, 6q,
if they exist, are irreducible of dimension 26 and 29 respectively.
Keywords: Stable. Reflexive Sheaf. Distributions. Moduli Spaces.
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INTRODUCTION
Techniques from algebraic geometry have been extremely useful in the study
of singular holomorphic foliations, see for instance [1, 2, 5, 7, 9, 14, 15, 25]. In particular,
Jouanolou classified codimension one foliations on P3 of degrees 0 and 1 in his monograph
[14]; Cervau and Lins Neto showed in [3] that there exist six irreducible components of
foliations of degree 2 on projective spaces; and Polishchuck, motivated by the study of
holomorphic Poisson structures, also found in [20] a classification of foliations of degree 2
on P3 under certain hypotheses of the singular set of foliations.
The goal of this thesis is to give conditions to the existence of codimension one
holomorphic distributions of degree 2 on the projective three space. In [18] the authors
made a complete classification of codimension one distributions of degree 0, 1, 2 in terms
of the tangent sheaf and some invariants of the singular scheme. For degree 0 and 1, they
showed in fact, that this classification is effective in the sense that there exist examples of
distributions satisfying the classification.
For degree 2 the authors of [18], also made a classification in terms of the Chern
classes of the tangent sheaf and the degree and the arithmetic genus of the one dimensional
component of the singular scheme, this is a subscheme of pure dimension one. In some
cases they showed that the classification is effective, but in most cases they did not.
The tangent sheaf of a codimension one distribution is always reflexive, we
then use the description of the moduli spaces Mpc1, c2, c3q of stable rank 2 reflexive sheaf
with Chern classes pc1, c2, c3q, made by Chang in [4] to give conditions to the existence
of some codimension one distributions of degree 2. The first conditions are given to get
injective morphism from a rank 2 stable reflexive sheaf to TP3, we then arrive to the next
two theorems.
Main Theorem 1. If h0pF p1qq  0, then every nonzero morphism ϕ : F Ñ TP3 is
injective.
Introduction 13
Main Theorem 2. Suppose that h0pF p1qq ¡ 0. If hompF ,TP3q ¥ 4   h0pF p1qq, then
there exist injective morphisms from F to TP3.
After that, we establish conditions for the existence of injective morphisms
from elements in the moduli spaces Mp0, 2, 2q,Mp0, 3, 2q,Mp0, 3, 4q and Mp0, 3, 6q to
TP3 with torsion free cokernel. We show that
Main Theorem 3. Let F be a rank 2 reflexive stable sheaf on P3 with c1pF q  0, and
let ϕ : F Ñ TP3 be an injective morphism whose cokernel is not torsion free. If D 1 is the
saturation of ϕ then
degpD 1q   2.
Then the possible saturations of an injective morphism ϕ : F Ñ TP3 are of
degree 0 or 1. By the classification of distributions of degree 0 and 1 made in [18], we can
describe what are the possible tangent sheaf of this distributions and give conditions to
the existence of degree 2 distributions.
Using another technique we have a new proof for the existence of the following
distributions:
Main Theorem 4. Let F be a properly semistable rank 2 reflexive sheaf with Chern
classes p0, 1, 2q. Then there exists a codimension one distribution of degree 2 with F being
the tangent sheaf.
In the moduli Mp0, 3, 4q and Mp0, 3, 6q Chang, see [4], proved the existence of
some especial elements that form a closed subset, we then, using the spectral sequence
from local to global, prove the next theorem.
Main Theorem 5. There exists no codimension one distributions, with the tangent sheaf
TD being an element of the special sheaves in the moduli spaces Mp0, 3, 4q,Mp0, 3, 6q.
We use a forgetful morphism described in [18] and the last theorem to prove
the next three results.
Main Theorem 6. If for every F with Chern classes p0, 2, 2q, F is the tangent sheaf of a
codimension one distribution of degree 2, then Dstp2, 2, 2q is an irreducible, quasi-projective
variety of dimension 25.
Main Theorem 7. If for every general sheaf F with Chern classes p0, 3, 4q, F is the
tangent sheaf of a codimension one distribution of degree 2, then Dstp2, 3, 4q is an irreducible,
quasi-projective variety of dimension 26.
Main Theorem 8. If for every general sheaf F with Chern classes p0, 3, 6q, F is the
tangent sheaf of a codimension one distribution of degree 2, then Dstp2, 3, 6q is an irreducible,
quasi-projective variety of dimension 29.
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We also describe the moduli space of some distributions with degree k ¥ 2.
The work is organized as follows. In Chapter one, we will introduce the main
definitions of this thesis and fix the notation. We will introduce the concept of regularity,
the concept of moduli space, the concept of distribution in general, and at the end we
will make a description of distributions on P3 and a classification for degree 0, 1 and 2
distributions.
In Chapter 2, we will describe general properties of rank 2 reflexive sheaves,
and the moduli Mpc1, c2, c3q that we use, and at the end we will make a short description
of the Hilbert schemes of curves that we use.
In Chapter 3, we will give conditions for the existence of injective morphisms
from a rank 2 stable reflexive sheaf to TP3, then having injective morphisms we will
give conditions for the existence of injective morphisms with torsion free cokernel, we
then calculate hompF 1,TP3q where F 1 is the tangent sheaf of a codimension one degree
0, 1 distribution. Then we prove the existence of some distributions and describe their
singular schemes and at the end we prove the non-existence of distributions for some
special sheaves.




In this Chapter we will establish the basic concepts of the work and fix the
notation to be used.
1.1 Sheaves of Modules
For this section we follow as main references [10] and [19].
Definition 1.1.1. Let pX,OXq be a ringed space. A sheaf of OX-modules (or simply an
OX-module) is a sheaf F on X, such that for each open set U  X, the group F pUq is
an OXpUq-module, for each inclusion of open sets V  U , the restriction homomorphism
F pUq Ñ F pV q is compatible with the module structures via the ring homomorphism
OXpUq Ñ OXpV q. A morphism F Ñ G of sheaves of OX-modules is a morphism of
sheaves, such that for each open set U  X, the map F pUq Ñ G pUq is a homomorphism
of OXpUq-modules.
If U is an open subset of X, and if F is an OX-module, then F |U is an
OX |U -module. An OX-module F is free if it is isomorphic to a direct sum of copies of OX .
It is locally free if X can be covered by open sets U for which F |U is a free OX |U -module.
In that case the rank of F on such an open set is the number of copies of the structure
sheaf needed (finite or infinite). If X is connected, the rank of a locally free sheaf is the
same everywhere. A locally free sheaf of rank 1 is also called an invertible sheaf. A sheaf
of ideals on X is a sheaf of modules I which is a subsheaf of OX .
In this work we will not make any distinction between locally free sheaves and
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vector bundles, see [10, Chapter 2-Exercise 5.18].
Definition 1.1.2. Let A be a ring and let M be an A-module. We define the sheaf
associated to M on SpecA, denoted by M as follows. For each prime ideal p  A, let Mp
be the localization of M at p. For any open set U  SpecA we define the group MpUq to
be the set of functions




such that for each p P U, sppq PMp, and such that s is locally a fraction m{f with m PM
and f P A. To be precise, we require that for each p P U , there is a neighborhood V of
p in U , and there are elements m P M and f P A, such that for each q P V, f R q, and
spqq  m{f in Mq. We make M̃ into a sheaf by using the obvious restriction maps.
Definition 1.1.3. Let pX,OXq be a scheme. A sheaf of OX-modules F is quasi-coherent
if X can be covered by open affine subsets Ui  SpecAi, such that for each i there is an
Ai-module Mi with F |Ui  M̃i. We say that F is coherent if furthermore each Mi can be
taken to be a finitely generated Ai-module.
Definition 1.1.4. Let pX,OXq be a scheme. A sheaf of OX-modules F is said to be
torsion-free if every stalk Fx, x P X is a torsion free OX,x-module; that is ta  0 for
t P OX,x, a P Fx always implies t  0 or a  0.
Let F_ : HompF ,OXq be the dual sheaf of F and
µ : F Ñ F__
the canonical sheaf homomorphism of F into its bidual sheaf F__. Then kerµ
is precisely the torsion subsheaf TpF q of F , i.e.,
kerµx  ta P Fx | ta  0 for some t P OX,xzt0uu, x P X
Therefore µ is injective if and only F is torsion-free, see [19].
Definition 1.1.5. A coherent sheaf F for which µ : F Ñ F__ is an isomorphism is
called reflexive.
Definition 1.1.6. A null correlation bundle N over Pn with n odd, is defined as the kernel
of a bundle epimorphism
TPnp1q Ñ OPnp1q.
See [19, Section 4.2].
In the next section we define the concept of regularity, which will be important
to construct distributions.
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1.2 Castelnuovo-Mumford regularity
The next definition is made for Pn, but can be made for any projective scheme
over a field k.
Definition 1.2.1. A coherent sheaf F on Pn is said to be m-regular if
H ipF pm iqq  0,
for all i ¡ 0.
The next theorem is in a more general setting in [13, Lemma 1.7.2] and the
proof can be found in [6] or [22].
Theorem 1.2.2. If F is m-regular, then the following holds:
1. F is m1-regular for all integers m1 ¥ m;
2. F pmq is globally generated.
Proposition 1.2.3. Let 0 Ñ F 1 Ñ F Ñ F 2 Ñ 0 be a short exact sequence of sheaves.
Then the following holds.
1. If F 1 and F 2 are m-regular, then F is m-regular;
2. If F 1 is m  1-regular and F is m-regular , then F 2 is m-regular.
Proof. The proposition follows by analyzing the long exact sequence of cohomology
H ipF 1pm iqq Ñ H ipF pm iqq Ñ H ipF 2pm iqq Ñ H i 1pF 1pm iqq .
In the first case we have F 1 and F 2 m-regular, then the extreme terms of
H ipF 1pm iqq Ñ H ipF pm iqq Ñ H ipF 2pm iqq
are zero, then H ipF pm iqq  0 and F is m-regular.
In the second case F 1 is (m+1)-regular and F is m-regular, and we consider
H ipF pm iqq Ñ H ipF 2pm iqq Ñ H i 1pF 1pm iqq
which we can write
H ipF pm iqq Ñ H ipF 2pm iqq Ñ H i 1pF 1 pm  1 pi  1qqq .
Again, the extreme terms are zero. Hence H i pF 2pm iqq  0.
The main reference for the next section is [24].
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1.3 Moduli problems
A moduli problem is essentially a classification problem: we have a collection
of objects and we want to classify these objects up to equivalence. In fact, we want more
than this, we want a moduli space which encodes how these objects vary continuously in
families; this information is encoded in a moduli functor.
Let Sch denote the category of schemes of finite type over k, and Sets be the
category of sets.
Definition 1.3.1. The functor of points of a scheme X is a contravariant functor
hX : Homp, Xq : SchÑ Sets,
from the category of schemes to the category of sets defined by
hXpY q : HompY,Xq
hXpf : Y Ñ Zq : hXpfq : hXpZq Ñ hXpY q
g Ñ g  f
Furthermore, a morphism of schemes f : X Ñ Y induces a natural transforma-
tion of functors hf : hX Ñ hY given by
hf,Z : hXpZq Ñ hY pZq
g Ñ f  g
Contravariant functors from schemes to sets form a category, with morphisms
given by natural transformations; this category is denoted by FunpSchop,Setsq. The above
construction can be phrased as follows: there is a functor h : Sch Ñ FunpSchop,Setsq
given by
X Ñ hX ; pf : X Ñ Y q Ñ hf : hX Ñ hY .
Example 1.3.2. For a scheme X, we have hXpSpec kq : HompSpec k,Xq is the set of
k-points of X.
Definition 1.3.3. A functor F P FunpSchop,Setsq is called representable if there exists
an scheme X and a natural isomorphism F  hX .
Definition 1.3.4. A (naive) moduli problem (in algebraic geometry) is a collection A of
objects (in algebraic geometry) and an equivalence relation  on A.
Example 1.3.5. 1. Let A be the set of k-dimensional linear subspaces of an n-
dimensional vector space and  be equality.
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2. Let A be the collection of vector bundles on a fixed scheme X and  be the relation
given by isomorphisms of vector bundles.
We want to find a scheme M whose k-points are in bijection with the set of
equivalence classes A{ . Furthermore, we want M to encode how these objects vary
continuously in ‘families’. More precisely, we refer to pA,q as a naive moduli problem,
because there is often a natural notion of families of objects over a scheme S and an
extension of  to families over S, such that we can pullback families by morphisms T Ñ S.
Definition 1.3.6. Let pA,q be a naive moduli problem. Then an extended moduli
problem (or a moduli problem) is given by
1. Sets AS of families over S and an equivalence relation S on AS, for all schemes S,
2. pullback maps f : AS Ñ AT , for every morphism of schemes T Ñ S,
satisfying the following properties:
(i) pASpec k,Spec kq  pA,q;
(ii) for the identity Id : S Ñ S and any family F over S, we have IdF  F ;
(iii) for a morphism f : T Ñ S and equivalent families F S G over S, we have
fF T fG;
(iv) for morphisms f : T Ñ S and g : S Ñ R, and a family F over R, we have an
equivalence pg  fqF T fgF .
For a family F over S and a point s : Spec k Ñ S, we write Fs : sF to denote the
corresponding family over Spec k.
Lemma 1.3.7. A moduli problem defines a functor M P FunpSchop,Setsq given by
MpSq : tfamilies over Su{ S Mpf : T Ñ Sq  f : MpSq Ñ MpT q.
We will often refer to a moduli problem simply by its moduli functor. There
can be several different extensions of a naive moduli problem.
Example 1.3.8. Let us consider the naive moduli problem given by vector bundles (i.e.,
locally free sheaves) on a fixed scheme X up to isomorphism. Then this can be extended
in two different ways. The natural notion for a family over S is a locally free sheaf F over
X  S flat over S, but there are two possible equivalence relations:
F 1S G ðñ F  G
F S G ðñ F  G b πSL for a line bundle L Ñ S,
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where πS : X  S Ñ S. For the second equivalence relation, since L Ñ S is locally trivial.
there is a cover Si of S such that F |XSi  G|XSi .
Definition 1.3.9. Let M : SchÑ Sets be a moduli functor; then a scheme M is a fine
moduli space for M if it represents M.
Unfortunately, there are many natural moduli problems which do not admit a
fine moduli space. We highlight one particular pathology which prevent a moduli problem
from admitting a fine moduli space, namely:
1. The jump phenomena: moduli may jump in families (in the sense that we can have
a family F over A1 such that Fs  Fs1 for all s, s1 P A1  t0u, but F0  Fs for
s P A1  t0u).
Example 1.3.10. We consider the naive problem of classifying endomorphisms of a
n-dimensional k-vector space. More precisely A consists of pairs pV, T q, where V is an
n-dimensional k-vector space and T is an endomorphism of V . We say pV, φq  pV 1, φ1q
if there exists an isomorphism h : V Ñ V 1 such that h  φ  φ1  h. We extend this to a
moduli problem by defining a family over S to be a rank n vector bundle F over S with
an endomorphism φ : F Ñ F . Then we say pF , φq S pG, φ1q if there is an isomorphism
h : F Ñ G such that h  φ  φ1  h.
For any n ¥ 2, we can construct families which exhibit the jump phenomena.
For concreteness, let n  2. Then consider the family over A1 given by
 
F  O`2A1 , φ








For s, t  0, these matrices are similar and so φt  φs. However, φ0  φ1, as this matrices
have distinct Jordan normal forms. Hence, we have a family with the jump phenomenon.
We need then a wider notion for moduli spaces.
Definition 1.3.11. A coarse moduli space for a moduli functor M is a scheme M and a
natural transformation of functors η : M Ñ hM such that
1. ηSpec k : MpSpec kq Ñ hMpSpec kq is bijective;
2. For any scheme N and natural transformation ν : M Ñ hN , there exists a unique
morphism of schemes f : M Ñ N such that ν  hf  η, where hf : hM Ñ hN is the
corresponding natural transformation.
In the next section we define two notions of stability, that for us are equivalent.
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1.4 Stability
Let F a torsion-free coherent sheaf over Pn. We set
µpF q : c1pF qrkpF q ,
where c1pF q is the first Chern class of F .
Definition 1.4.1. A torsion-free coherent sheaf E over Pn is µ-semistable if for every
coherent subsheaf 0  F  E we have
µpF q ¤ µpE q.
If moreover for all coherent subsheaves F  E with 0   rk F   rk E we have
µpF q   µpE q,
then E is µ-stable.
Lemma 1.4.2. 1. Line bundles are µ-stable.
2. The sum E1 ` E2 of two µ-semistable sheaves is µ-semistable if and only if µpE1q 
µpE2q.
3. E is µ-(semi)stable if and only if E _ is.
4. E is µ-(semi)stable if and only if E pkq is.
Proof. See [19, Lemma 1.2.4].
Definition 1.4.3. Let E a coherent sheaf over Pn. The Hilbert polynomial of E is
PE pkq : χ pE pkqq ,
where χ pE pkqq 
¸
p1qihi pPn,E pkqq is the Euler characteristic of E pkq.






Definition 1.4.4. A torsion-free coherent sheaf E over Pn is Gieseker-stable (Gieseker-
semistable) if and only if for all coherent subsheaves F  E with 0   rk F   rk E we
have
pF pkq   pE pkq ppF pkq ¤ pE pkqq
for all sufficiently large integers k P Z.
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pn 1q!   terms of lower order.
If F  E is a coherent subsheaf with 0   rk F   rk E , then
pE pkq  pF pkq  pµpE q  µpF qq
kn1
pn 1q!   terms of lower order,
i.e., for sufficiently large k P Z
pE pkq  pF pkq
has the same sign as µpE q  µpF q. We have thus proved the next lemma.
Lemma 1.4.5. µ-stable torsion-free coherent sheaves over Pn are also Gieseker-stable.
Gieseker-semistable sheaves over Pn are also µ-semistable.
Remark 1.4.6. In the case of rank 2 reflexive sheaves on P3, we have that Gieseker-stability
is equivalent to µ- stability.
Proof. See [11, Remark 3.1.1].
Definition 1.4.7. A rank two reflexive sheaf is (semi)stable if it is either µ or Gieseker
(semi)stable.
The next lemma is very important to determine when a rank 2 reflexive sheaf
is stable.
Lemma 1.4.8. Let E be a rank 2 reflexive sheaf over Pn, which is normalized so that
c1pE q  0 or c1pE q  1. Then E is stable if and only if H0pE q  0. If c1  0, then E is
semistable if and only if H0pE p1qq  0.
Proof. See [11, Lemma 3.1].




A codimension r distribution D on a smooth complex manifold X is given by
an exact sequence




Ñ ND Ñ 0, (1.1)
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where TD is a coherent sheaf of rank s : dimpXq  r, and ND is a torsion-free sheaf. The
sheaves TD and ND are called the tangent and the normal sheaves of D , respectively. Note
that TD must be reflexive by Proposition, See [11, Proposition 1.1].
Two distributions




Ñ ND Ñ 0,
and




Ñ N 1D Ñ 0,
are said to be isomorphic if there exists an isomorphism β : TD Ñ TD 1 , such that
φ1  β  φ. By taking exterior power ^nrφ : detpTDq Ñ ^nrTX, every codimension r
distribution induces a section of H0pX,^nrTX b detpTDq_q. If D and D 1 are isomorphic
distributions, ^nrφ1detpβq  ^nrφ; but detpβq  λ P C since detpTDq  detpTD 1q, that
is, ^nrφ1  λ  ^nrφ. Therefore, every isomorphism class of codimension r distribution
on X induces an element in the projective space
PH0p^nrTX b detpTDq_q  PH0pΩrX b detpTXq b detpTDq_q.
The singular scheme of D is defined as follows. Taking the maximal exterior
power of the dual morphism φ_ : Ω1X Ñ T_D , we obtain a morphism ΩsX Ñ detpTDq_; the
image of such morphism is the ideal sheaf IZ{X of a subscheme Z  X, the singular
scheme of D , twisted by detpTDq_.
A sub-distribution of D is a distribution
G : 0 Ñ TG
φ
Ñ TX Ñ NG Ñ 0,
whose tangent sheaf TG is a subsheaf of TD . The quotient NG {D : TD{TG is called the
relative normal sheaf. In addition, the following exact sequence is satisfied:
0 Ñ NG {D Ñ NG Ñ ND Ñ 0.
It follows that NG {D is also torsion-free. Now we introduce the notion of integrability. A
foliation is an integrable distribution, that is, a distribution




Ñ ND Ñ 0,
whose tangent sheaf is closed under the Lie backet of vector fields, that is,
rφpTDq, φpTDqs  φpTDq.
Clearly, every distribution of codimension dimpXq  1 is integrable. A sub-foliation of TD
is an integrable sub-distribution.
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When r  1, the normal sheaf, being a torsion-free sheaf of rank 1, must be
the twisted ideal sheaf IZ{X b detpTXq b detpTDq_ of a closed subscheme Z  X of
codimension at least 2, which is precisely the singular scheme of D . Let U be the maximal
subsheaf of OZ of codimension ¡ 2, see [13, Definition 1.1.4], so that one has an exact
sequence of the form
0 Ñ U Ñ OZ Ñ OC Ñ 0, (1.2)
where C  X is a (possibly empty) subscheme of pure codimension 2; in particular, it
follows that ExtppOC ,OXq  0 for p ¡ 2, see [13, Proposition 1.1.10]. Note also that
U  IC{Z .
Remark 1.5.1. The exact sequence 1.2 is equivalent to the exact sequence, see the proof
of [18, Theorem 3.1]
0 Ñ IZ{P3 Ñ IC{P3 Ñ U Ñ 0. (1.3)
Lemma 1.5.2. The tangent sheaf of a codimension one distribution is locally free if and
only if its singular locus has pure codimension 2.
Proof. On the one hand, TD is locally free if and only if ExtppTD ,OXq  0 for each p ¥ 1.
On the other hand, since U is a sheaf of codimension at least 3, ExtqpTU ,OXq  0 for
q ¥ 3 if and only if U  0, which is the same as saying that Z has pure codimension 2,
see again [13, Proposition 1.1.10].
1.6 Moduli Space of Distributions
1.6.1 The Quot-scheme of TX
Let us recall the definition of the Grothendieck’s Quot-scheme for the tangent
bundle TX and some of its basic properties, X now denotes a polarized nonsingular
projective variety of dimension n.
Let Sch{C denote the category of schemes of finite type over C, and Sets be
the category of sets. Fix a polynomial P P Qrts, and consider the functor
QuotP : Schop{C Ñ Sets, QuotP pSq : tpN, ηqu{ ,
where
(i) N is a coherent sheaf of OXS-modules, flat over S, such that the Hilbert polynomial
of Ns : N |Xtsu is equal to P for every s P S;
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(ii) η : πXTX Ñ N is an epimorphism, where πX : XS Ñ X is the standard projection
onto the first factor.
In addition, we say that pN, ηq  pN 1, η1q if there exists an isomorphism γ : N Ñ N 1, such
that γ  η  η1.
Finally, if f : RÑ S is a morphism in Sch{C, we define QuotP pfq : QuotP pSq Ñ
QuotP pRq by pN, ηq Ñ pfN, fηq. Elements of the set QuotP pSq will be denoted by rN, ηs.
Theorem 1.6.1. The functor QuotP is represented by a projective scheme QP of finite
type over C, that is, there exists an isomorphism of functors QuotP ÝÑ Homp,QP q.
In what follows, it will be important to consider the following subset of the
Quot-scheme:
DP : trN, ηs P QPTXP ; N is torsion freeu, (1.4)
where PTX is the Hilbert polynomial of the tangent bundle. Note that, by [13, Proposition
2.3.1], DP is an open subset of QPTXP .
1.6.2 Moduli space of distributions
Fix a polynomial P P Qrts, and consider the functor
DistP : Schop{C Ñ Sets, DistP pSq : tpF, φqu{ ,
where
(i) F is a coherent sheaf of OXS-modules, flat over S, such that the Hilbert polynomial
of Fs : F |Xtsu is equal to P for every s P S;
(ii) φ : F Ñ πXTX is a morphism of sheaves, such that φs : Fs Ñ TX is injective, and
cokerφs is torsion-free for every s P S.
In addition, we say that pF, φq  pF 1, φ1q if there exists an isomorphism β : F Ñ F 1, such
that φ1  β  φ.
Finally, if f : RÑ S is a morphism in Sch{C, we define DistP pfq : DistP pSq Ñ
DistP pRq by pF, φq Ñ pfF, fφq. Equivalence classes in the set DistP pSq will be denoted
by rF, φs.
Each pair pF, φq should be regarded as a family of distributions on X parametrized
by the scheme S (or an S-family for short): for each s P S, we have the distribution given
by the short exact sequence
Ds : 0 Ñ Fs
φsÝÑ TX
ηφsÝÑ cokerφs Ñ 0,
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where ηφ denotes the canonical projection πXTX Ñ cokerφ. Note that if pF, φq and pF 1, φ1q
are equivalent S-families of distributions on X, then for each s, the distributions Ds and
D 1s are isomorphic.
Proposition 1.6.2. The functor DistP is represented by the quasi-projective scheme DP ,
described in display (1.4), that is, there exists an isomorphism of functors DistP ÝÑ
Homp,DP q.
Next we recall the construction of the Gieseker-Maruyama moduli space of
semistable sheaves on X; we use [13, Section 4] as our main reference. Recall that a
torsion-free sheaf E on X is said to be (semi)stable if every nontrivial subsheaf F  E
satisfies
PF ptq
rk F p¤q  
PE ptq
rk E ,
for t sufficiently large. For the rest of this section, when we refer to (semi)stable, we refer
in the sense of Gieseker.
Consider the functor
MP : Schop{C Ñ Sets, MP pSq : tF u{ ,
where F is a sheaf on X  S, flat over S, such that for each s P S the sheaf Fs : F |Xtsu
is semistable and has Hilbert polynomial equal to P ; the equivalence relation  is just an
isomorphism of sheaves on X  S.
As it is well known see [13, Section 4], MP admits a coarse moduli space, here
denoted by MP , which is a projective scheme; this means that the closed points of MP are
in bijection with the S-equivalence classes of semistable sheaves on X with fixed Hilbert
polynomial P , and that there exists a natural transformation MP ÝÑ Homp,MP q. Below,
MP,st will denote the open subset of MP consisting of stable sheaves.
Let DistP,ss be the subfunctor of DistP given by
DistP,ss : Schop{C Ñ Sets, DistP,sspSq : tpF, φqu{ ,
where Fs is now assumed to be semistable for each s P S. Clearly, DistP,ss  Homp,DP,ssq,
where
DP,ss : trF, φs P DP |F is semistableu;
note that DP,ss is an open subset of DP . Similarly, we will also consider the following open
subset of DP :
DP,st : trF, φs P DP |F is stableu.
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Lemma 1.6.3. There exists a forgetful morphism
$ : DP,ss ÑMP , $prDsq : rTD s.
In addition, if TD is stable and satisfies Ext1pTD , TXq  Ext2pTD , TDq  0, then rDs is a
nonsingular point of DP,st, $ is a submersion at rTD s PMP,st, and
dimrTDs DP,st  dim Ext
1pTD , TDq   dim HompTD , TXq  1.
Proof. See [18, Lemma 2.5].
Since the tangent sheaf of a distribution is always reflexive, the image of $ is
contained in the open subset of Mp consisting of reflexive sheaves. In the next lemma let
MP,r,st denote the open subset of Mp consisting of stable reflexive sheaves.
Lemma 1.6.4. Assume that the forgetful morphism $ : DP,st ÑMP,r,st is surjective and
that MP,r,st is irreducible. If dim HompF, TXq is constant for all rF s PMP,r,st, then DP,st
is irreducible and
dim DP,st  dimMP,r,st   dim HompF, TXq  1.
If, in addition, Ext2pTD , TDq  0, for every rDs P DP,st, then DP,st is nonsingular and
dim DP,st  dim Ext1pTD , TDq   dim HompTD , TXq  1.
Proof. See [18, Lemma 2.6].
1.7 Codimension One Distributions on P3
In this section we only consider codimension one distributions on X  P3. In
this case, the integer d : 2 c1pTDq ¥ 0 is called the degree of the distribution D , and
ND  IZ{P3pd   2q, where Z is the singular scheme of D . Therefore, sequence 1.1 now
reads
D : 0 Ñ TD
φ
ÝÑ TP3 πÝÑ IZ{P3pd  2q Ñ 0, (1.5)
where TD is a rank 2 reflexive sheaf.
As in the exact sequence 1.2, let U denote the maximal zero-dimensional sub-
sheaf of OZ , so that the quotient sheaf is the structure sheaf of a subscheme C  Z  P3
of pure dimension 1. We will say that C is the one-dimensional component of SingpDq,
while SupppU q is the zero-dimensional component of SingpDq.
Definition 1.7.1. A locally Cohen-Macaulay curve is a curve in P3 of pure dimension 1.
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The next theorem is very important to classify codimension one distributions
in terms of some invariants of the curve C.
Theorem 1.7.2. With the notation of the previous paragraph, one has
c2pTDq  d
2   2 degpCq
c3pTDq  lengthpU q  d3   2d2   2d degpCq  p3d 2q   2papCq  2,
where papCq denotes the arithmetic genus of C.
Proof. See [18, Theorem 3.1].
The next subsection is very important to construct codimension one degree 2
distributions on P3.
1.7.1 Classification of codimension one degree 0 and degree 1 distributions
The classification of codimension one degree 0 and degree 1 distributions is
made in [18] all the proofs can be found there, we include them here for the sake of
completeness. For degree 0 is given by the next proposition.
Proposition 1.7.3. If D is a codimension one distribution of degree 0, then
(i) either TD  OP3p1q `OP3p1q, and its singular scheme is a line;
(ii) or TD  Np1q for some null-correlation bundle N , and its singular scheme is empty.
The classification of degree 1 distributions is more complex. Let D be a codi-
mension one distribution of degree 1 on P3 with singular scheme Z; let U be the maximal
zero-dimensional subsheaf of OZ , and let C  Z be the corresponding subscheme of pure
dimension 1. In this case degpCq ¤ 3.
We have c1 pTDq  1, then the normalization of TD is TDp1q. It follows that
1. either h0 pTDp1qq  0, then TD  OP3p1q `OP3 ;
2. or h0 pTDp1qq  0, and TD is a stable reflexive sheaf, see 1.4.8.
For the second case the possible values of degpCq are 0, 1, 2. Let us analyze
each possibility.
If degpCq  0, so that C  H, it follows by Theorem 1.7.2 that c2 pTDq  3 and
c3 pTDq  5.
If degpCq  1, so that C is a line, hence papCq  0, it follows that c2 pTDq  2 and
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c3 pTDq  2.
If degpCq  2, it follows that c2 pTDq  1 and c3 pTDq  1  2papCq. Since TD is reflexive,
we must have c3 pTDq ¥ 0, hence papCq ¥ 0. On the other hand, since TD is stable and
c1 pTDp1qq  1, it follows from [11, Theorem 8.2(d)] that c3 pTDq ¤ 1, thus actually
papCq  0 and C is a (possible degenerate) conic.
Let us analyze each one of the cases before in the next theorems.
The first case is when the singular set is given by isolated singularities, corre-
sponding to the first case of the stable cases before.
Theorem 1.7.4. Let D be a codimension one distribution of degree 1 with isolated
singularities. Then the tangent sheaf TD is given as the cokernel of a morphism
0 Ñ OP3p2q ` TP3p3q Ñ OP3p1q`6 Ñ TD Ñ 0.
The second case is when the singular set is given by a line and two points,
corresponding to the second case of the stable cases before.
Theorem 1.7.5. Let D be a codimension one distribution of degree 1 whose singular
scheme is the union of a line with two points. Then its tangent sheaf is a stable reflexive
sheaf with Chern classes c2 pTDq  c3 pTDq  2, and the singular scheme cannot be contained
in a plane. In addition, D possesses a unique sub-foliation of degree 1 singular along a
pair of skew lines (or its degeneration, a nonplanar degree two structure on a line).
Remark 1.7.6. For the normalization TDp1q, using Theorem 2.1.6 we find that c1 pTDp1qq 
1, c2 pTDp1qq  2 and c3 pTDp1qq  2. Then by [4, Lemma 2.4] pTDp1qq p1q  TD is
in the exact sequence
0 Ñ OP3 Ñ TD Ñ IY p1q Ñ 0,
where Y is a pair of skew lines (or its degeneration a double line, here we are only
considering locally Cohen-Macaulay degeneration).
The third case is when the singular set is given by a conic and a point,
corresponding to the last case of the stable cases before.
Theorem 1.7.7. Every stable rank 2 reflexive sheaf F with Chern classes c1pF q  c2pF q 
c3pF q  1 is the tangent sheaf of a codimension one distribution on P3 whose singular set
is the union of a degree 2 curve of genus 0 with a point not contained in the same plane.
Remark 1.7.8. By the proof of the previous theorem we find that the tangent sheaf TD
of such a distribution, fits in the next exact sequence
0 Ñ OP3p1q Ñ O`3P3 Ñ TD Ñ 0.
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The last corresponds to distributions with locally free tangent sheaf.
Theorem 1.7.9. If D is a codimension one distribution of degree 1 with locally free
tangent sheaf, then TD  OP3p1q ` OP3. In addition, the singular scheme is a (possibly
degenerate) twisted cubic curve not contained in a plane.
1.7.2 Classification of codimension one degree 2 distributions
Let D be a codimension one degree 2 distribution with singular scheme Z; let
U be the maximal zero-dimensional subsheaf of OZ and let C  Z be the corresponding
subscheme of pure dimension 1. We have that degpCq ¤ 7, see [18, Section 9]; using
Theorem 1.7.2, we obtain
c2 pTDq  6 degpCq and c3 pTDq  18 4 degpCq   2papCq.
According to the classification made in [18, Section 9] we have the next table,
where we have a possible distribution for the Chern classes listed below. Remember that
since the degree of our distributions is 2, then the first Chern class of the tangent sheaf is
zero.
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degpCq c2pTDq c3pTDq TD
0 6 20 stable
1 5 14 stable
2 4 0, 2, 4, 6, 8, 10 stable
3 3 0, 2, 4, 6, 8 stable
4 2 0, 2, 4 stable
5 1 0, 2 semistable
6 0 0 split
7 -1 0 split
Table 1 – Codimension one degree 2
The values in boldface are realized and the description can be found in [18].
The values in blue and red were recently proved by Jardim, the results can be found in
[8]. The description of the colors mean: for the values in red there are no distributions;
The values in blue are the ones that. Jardim also proved that the tangent sheaf of a
codimension one degree 2 distributions with second Chern class equal to 2 or 3 is stable.
The values in green are the one that we are going to study in this work.
1.7.3 Generating distributions
The next theorem an its corollary are very useful to construct distributions.
Theorem 1.7.10. Let G be a globally generated reflexive sheaf on a projective variety X,
such that rkpG q ¤ dimX  1 ¥ 2. If TX bL is globally generated, for some line bundle
L , then G _ bL _ is the tangent sheaf of a distribution on X of codimension n rkpG q.
Proof. See [18, Appendix].
Corollary 1.7.11. Let G be a globally generated rank 2 reflexive sheaf on P3. Then
G _p1q is the tangent sheaf of a codimension one distribution D of degree c1pG q with
c2pTDq  c2pG q  c1pG q   1, and c3pTDq  c3pG q.
Proof. See [18, Appendix].
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CHAPTER 2
RANK 2 REFLEXIVE SHEAVES AND
THE HILBERT SCHEME OF CURVES
In this chapter we will establish basic properties of rank two stable reflexive
sheaves that will help us to construct codimension one degree 2 distributions on P3. Also
we will study a little of the Hilbert scheme of curves, that will help us to describe the
singular scheme of a distribution.
2.1 General properties of rank 2 reflexive sheaves
Proposition 2.1.1. A coherent sheaf F on a noetherian integral scheme X is reflexive
if and only if (at least locally) it can be included in an exact sequence
0 Ñ F Ñ E Ñ G Ñ 0, (2.1)
where E is locally free and G is torsion-free.
Proof. See [11, Proposition 1.1].
Corollary 2.1.2. The dual of any coherent sheaf is reflexive.
Proposition 2.1.3. A reflexive sheaf of rank 1 in Pn is a line bundle.
Proof. See [19, Lemma 1.1.15].
Proposition 2.1.4. Let F be rank 2 reflexive sheaf on P3. Then c3pF q ¥ 0, and c3pF q 
0 if and only if F is locally free.
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Proof. See [11, Proposition 2.6].
Proposition 2.1.5. Let F be rank 2 reflexive sheaf on P3 with first Chern class equal to
c1. Then F_  F pc1q. If c1  0, then F_  F .
Proof. See [11, Proposition 2.6].
The next three properties are also valid for non reflexive sheaves.
Theorem 2.1.6. Let F be a coherent rank 2 sheaf on P3 with Chern classes c1, c2, c3.
Then the Chern classes of F plq are
c11  c1   2l
c12  c2   c1l   l
2
c13  c3.
Proof. See [11, Corollary 2.2].
Proposition 2.1.7. Let IZ be the ideal sheaf of a closed subscheme Z in P3 of dimension
less than 2, then I _Z  OP3.
Proof. Since dimZ   2, then the codimension of Z is 3 or 2. Then by [13, Proposition
1.1.6] we have
HompOZ ,OP3q  Ext1pOZ ,OP3q  0,
then dualizing the exact sequence 0 Ñ IZ Ñ OP3 Ñ OZ Ñ 0 we get
0 Ñ O_Z  0 Ñ OP3 Ñ I _Z Ñ 0  Ext1pOZ ,OP3q.





Proof. By [10, III. Prosition 6.7] since TP3 is locally free we have
HompF ,TP3q  HompF ,OP3q b TP3  F_ b TP3,
then









In the next section we will characterize the moduli space of some rank 2 reflexive
sheaves.
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2.2 Moduli of some stable rank 2 reflexive sheaves
In this section we follow [4] as our main reference. By Epc1, c2, c3q we will denote
a rank 2 reflexive sheaf on P3 with Chern classes pc1, c2, c3q. According to Maruyama [17],
a moduli space Mpc1, c2, c3q for stable rank 2 reflexive sheaves on P3, with Chern classes
pc1, c2, c3q, exists as a scheme of finite type over the complex numbers C. The underlying
variety of Mpc1, c2, c3q will be denoted Mredpc1, c2, c3q.
Let P be a property of a reflexive sheaf. We will say that P is special if every
irreducible component of M contains a nonempty open set corresponding to sheaves which
do not have property P.
Definition 2.2.1. Let F be a stable rank 2 reflexive sheaf on P3 with c1  0. We say a
plane H  P3 is an unstable plane for F if H0pF |Hprqq  0 for some r ¡ 0. The largest
such r is the order of the unstable plane H.
Proposition 2.2.2. The property of having an unstable plane of order 1 is a special
property for stable sheaves with Chern classes p0, 3, c3q; c3  2, 4, 6.
Proof. See [4, Lemma 3.2].
2.2.1 Moduli Mp0, 2, 2q
Theorem 2.2.3. The moduli of stable rank 2 reflexive sheaves with Chern classes p0, 2, 2q
is irreducible, nonsingular, and rational of dimension 13.
Proof. See [4, Theorem 2.8].





l -4 -3 -2 -1 0 1 2 3
3 0 0 0 0 0 0 0 0
2 3 3 1 0 0 0 0 0
1 0 0 0 1 1 0 0 0
0 0 0 0 0 0 3 13 31
Table 2 – hi pEplqq for Ep0, 2, 2q stable
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2.2.2 Moduli Mp0, 2, 4q
Theorem 2.2.4. The moduli of stable rank 2 reflexive sheaves on P3 with Chern classes
p0, 2, 4q is irreducible, nonsingular, and rational of dimension 13.
Proof. See [4, Theorem 2.12].
For any element in Mp0, 2, 4q we have the exact sequence.
Lemma 2.2.5. Let Ep0, 2, 4q be stable; then we have the exact sequence
0 Ñ OP3p1q`2 Ñ O`4P3 Ñ Ep1q Ñ 0. (2.2)
Proof. See [4, Lemma 2.9].
The cohomology table in this case is, see [4, Table 2.12.2].
HH
HHHHi
l -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 4 4 2 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 4 14
Table 3 – hi pEplqq for Ep0, 2, 4q stable
2.2.3 Moduli Mp0, 3, 2q
Theorem 2.2.6. The family Mredp0, 3, 2q is irreducible of dimension 21.
Proof. See [4, Theorem 3.7].
In Mp0, 3, 2q we have two families of sheaves that are special. Then we have
general sheaves and two special cases. The cohomology table for any general element in
Mp0, 3, 2q and the two special cases follows, [4, Table 3.7.1].
Note that the box in the tables indicate the difference between the cohomologies
in the cases. Outside the box the cohomologies are the same.




l -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 5 4 1 0 0 0 0
1 0 0 0 2 3 0 0
0 0 0 0 0 0 0 9




l -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 5 4 1 0 0 0 0
1 0 0 0 2 3 2 0
0 0 0 0 0 0 2 9




l -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 5 4 1 0 0 0 0
1 0 0 0 2 3 1 0
0 0 0 0 0 0 1 9
Table 6 – hipEplqq for Ep0, 3, 2q stable and
special 2
2.2.4 Moduli Mp0, 3, 4q
Theorem 2.2.7. The moduli of stable rank 2 reflexive sheaves on P3 with Chern classes
p0, 3, 4q is irreducible, and generically reduced of dimension 21. Its underlying variety
Mredp0, 3, 4q is rational.
Proof. See [4, Theorem 3.4].
In Mp0, 3, 4q we have one family of sheaves that are special. Then we have
general sheaves and one special case. The cohomology tables for any general and any
special element in Mp0, 3, 4q are given below, [4, Table 3.4.1].




l -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 6 5 2 0 0 0 0
1 0 0 0 1 2 0 0
0 0 0 0 0 0 1 10




l -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 6 5 2 0 0 0 0
1 0 0 0 1 2 1 0
0 0 0 0 0 0 2 10
Table 8 – hipEplqq for Ep0, 3, 4q stable and
special
2.2.5 Moduli Mp0, 3, 6q
Theorem 2.2.8. Mredp0, 3, 6q is irreducible, and unirational of dimension 21.
Proof. See [4, Theorem 3.5].
In Mp0, 3, 6q we have one family of sheaves that are special. The cohomology




l -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 7 6 3 0 0 0 0
1 0 0 0 0 1 0 0
0 0 0 0 0 0 2 11
Table 9 – hipEplqq for Ep0, 3, 6q stable and
general




l -4 -3 -2 -1 0 1 2
3 0 0 0 0 0 0 0
2 7 6 3 1 0 0 0
1 0 0 0 1 1 1 0
0 0 0 0 0 0 3 11
Table 10 – hipEplqq for Ep0, 3, 6q stable and
special
2.3 The Hilbert Scheme
Hpd, gq denotes the Hilbert scheme of locally Cohen-Macaulay curves in P3 of
degree d and arithmetic genus g, see Definition 1.7.1. Here we follow [23].
Definition 2.3.1. If Y is a scheme, then a locally Cohen-Macaulay multiplicity structure
Z on Y is a locally Cohen-Macaulay scheme Z which contains Y and has the same support
as Y . For short, we simply say that Z is a multiplicity structure on Y .
The simplest multiple curves are the double lines in P3.
Proposition 2.3.2. Let Y be the line tx  y  0u in P3 and let a ¥ 1 be an integer.
Let f and g be two homogeneous polynomials of degree a  1 which have no common zeros
along Y . Then f and g define a surjection u : IY Ñ OY paq by xÑ f , y Ñ g. The kernel
of u gives the ideal sheaf of a multiplicity two structure W on Y . Further, we have
a) papW q  1 a;
b) IW  px2, xy, y2, xg  yfq;
c) Each multiplicity two structure W on Y arises by the construction above.
Proof. See [23, Proposition 1.4]
If W is a double line by the proof of the previous proposition we have the exact
sequence
0 Ñ OY paq Ñ OW Ñ OY Ñ 0, (2.3)
where Y is a line and a is given by papW q  1 a.
For curve C, we say it is arithmetically Cohen-Macaulay if h1pICpnqq  0 for
every n P Z, define the Rao function ρC by ρCpnq  h1pICpnqq. If C is not an arithmetically
Cohen-Macaulay curve, the ra (res. ro) denotes the smallest (res. largest) value n for which
ρCpnq  0. The bound can be stated as follows:
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Proposition 2.3.3. Let C  P3 be a curve of degree d and genus g which is not arith-
metically Cohen-Macaulay. Set
l  d 2 a  12pd 2qpd 3q  g.
Then a ¥ 1, l ¥ 0, and the Rao function is bounded by
1. ra ¥ a  1.
2. ρCpnq ¤ a for 0 ¤ n ¤ l.
3. ro ¤ a  l  1.
Proof. See [23, Proposition 1.7]
The question of sharpness in the previous propositions has a nice answer:
equalities in (1), (2) and (3) can be realized by a single curve. Martin-Deschamps and
Perrin call such a curve extremal, see [16, Definition 0.1].
Proposition 2.3.4. For 1 ¤ g ¤ 1, the Hilbert scheme Hp3, gq is smooth and irreducible
of dimension 12,
Proof. Hp3, 1q parametrizes plane cubic curves hence is irreducible of dimension 12, see
[23]. That Hp3, 0q and Hp3,1q are smooth and irreducible of dimension 12 is part of
[16, Theorem 4.1]. Hp3, 0q consists of arithmetically Cohen-Macaulay curves and Hp3,1q
consists of extremal curves.
Proposition 2.3.5. The Hilbert scheme Hp3,2q consists of the following two irreducible
components:
1. The family of curves C  W Y2P L formed by taking the union of a double line
W with papW q  3 and a line L which meets W in a double point 2P form an
irreducible family of dimension 13.
2. The closure of the irreducible family of sets of three disjoint lines. This closure is 12
dimensional.
Proof. See [23, Proposition 3.4].
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CHAPTER 3
EXISTENCE OF CODIMENSION ONE
DEGREE 2 DISTRIBUTIONS
In this Chapter we present the existence of some codimension one degree
2 distributions, also we present the non-existence of distributions, for special sheaves
being the tangent sheaf, that later on will help us to describe the moduli space of some
distributions.
3.1 Existence of injective morphism to TP3
In the next three section we will establish some results to know when a given
reflexive stable sheaf is the tangent sheaf of a codimension one degree two distribution.
Through this section F will be a rank 2 reflexive stable sheaf on P3 with
c1pF q  0. Let us investigate when there exists an injective morphism from F to TP3.
Suppose in the contrary that we have ϕ : F Ñ TP3 a morphism which is not
injective, then we have the exact sequence:
0 Ñ kerϕÑ F Ñ ImϕÑ 0, (3.1)
since Imϕ is torsion-free then kerϕ is reflexive. Now since kerϕ has rank 1, it must be a
line bundle
kerϕ  OP3pkq,
for some k P Z.
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Likewise pImϕ_q_ is reflexive of rank 1, then it must be also a line bundle
pImϕ_q_  OP3ppq, for some p P Z.
Now Imϕ is torsion free and using the canonical map, we see that Imϕ  ICppq,
where IC is the ideal sheaf of a closed subscheme C of P3. Therefore the exact sequence
3.1 becomes
0 Ñ OP3pkq Ñ F Ñ ICppq Ñ 0. (3.2)
Since c1pF q  0 and by the multiplicative of the Chern polynomials we have
p  k.
Also since F is stable we get that k ¥ 1.







then k ¥ 1 or equivalently k ¤ 1.
Therefore k  1, and the exact sequence (3.2) becomes
0 Ñ OP3p1q Ñ F Ñ ICp1q Ñ 0. (3.3)
We have then proved the next lemma.
Lemma 3.1.1. If h0pF p1qq  0, then every nonzero morphism ϕ : F Ñ TP3 is injective.
When h0pF p1qq ¡ 0 we have:
Lemma 3.1.2. Suppose that h0pF p1qq ¡ 0. If hompF ,TP3q ¥ 4  h0pF p1qq, then there
exist injective morphisms from F to TP3.
Proof. Suppose we have a non-injective morphism ϕ : F Ñ TP3, then following the same
line of the proof of Lemma 3.1.1 ϕ factors through ICp1q Ñ TP3, where ICp1q  Imϕ
and C is a closed subscheme of P3. Note that C is the zero locus of the section σ in the
next exact sequence
0 Ñ OP3p1q σÑ F Ñ ICp1q Ñ 0.










Ñ   
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in HompF ,TP3q for some closed subscheme C that is the zero lo-
cus of an element σ P H0F p1q, which varies in a family of dimension h0pF p1qq  1.




, then hompICp1q,TP3q  4.
Therefore there exist injective morphisms from F to TP3 if
hompF ,TP3q ¡ 4  h0pF p1qq  1.
3.2 Applications of Lemmas 3.1.1 and 3.1.2
In this section we have important applications of the last two lemmas that will
help us to construct codimension one distributions of degree 2.
Proposition 3.2.1. Let F be a stable rank 2 reflexive sheaf with Chern classes p0, 2, 2q.
Then there exist injective morphisms from F to TP3.
Proof. Tensoring the Euler sequence by F , we obtain the exact sequence:
0 Ñ F Ñ F p1q`4 Ñ F b TP3 Ñ 0,
now taking cohomology and using Table 2




Ñ H1pF q Ñ H1pF p1qq`4  0,
we have
h0pF b TP3q  hompF ,TP3q  13.
Therefore since h0pF p1qq  3 ¡ 0 and hompF ,TP3q ¥ 4  h0pF p1qq  7, by
Lemma 3.1.2 there exist injective morphisms from F to TP3.
In the next case we have three possibilities for F , the general one and two
special cases.
Proposition 3.2.2. Let F be a stable rank 2 reflexive sheaf with Chern classes p0, 3, 2q.
If F is general or the type one of the special cases, then there exist injective morphisms
from F to TP3.
Proof. Tensoring the Euler sequence by F , we obtain the exact sequence:
0 Ñ F Ñ F p1q`4 Ñ F b TP3 Ñ 0.
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For F general, taking cohomology and using Table 4 we have




Ñ H1pF q Ñ H1pF p1qq`4  0,
then hompF ,TP3q  3 and since h0pF p1qq  0, by Lemma 3.1.1 all morphisms from F
to TP3 are injective.
Now for F being in the first special case, the long exact sequence in cohomology
is:




Ñ H1pF q Ñ




Ñ H2pF q  0.
(3.4)
Then by Table 5 we have that h0pF p1qq  2, and by the last exact sequence
hompF ,TP3q ¥ 8, therefore hompF ,TP3q ¥ 4   h0pF p1qq and by Lemma 3.1.2 there
exist injective morphisms from F to TP3.
Remark 3.2.3. For the second special case, we cannot conclude if there exist or not
injective morphisms to TP3. The exact sequence 3.4 is also valid in this case, then since
h0 pF p1qq  1, see Table 6, we have that hompF ,TP3q ¥ 4 and we cannot apply Lemma
3.1.2.
In the next case we have two possibilities for F , the general and the special
one.
Proposition 3.2.4. Let F be a stable rank 2 reflexive sheaf with Chern classes p0, 3, 4q.
there exist injective morphisms from F to TP3.
Proof. Tensoring the Euler sequence by F , we obtain the exact sequence:
0 Ñ F Ñ F p1q`4 Ñ F b TP3 Ñ 0.
For F general, taking cohomology and using Table 7




Ñ H1pF q Ñ H1pF p1qq`4  0,
we have hompF ,TP3q  6 and since h0pF p1qq  1 hompF ,TP3q ¥ 4   h0pF p1qq by
Lemma 3.1.2 there exist injective morphisms from F to TP3.
Now for F special the long exact sequence in cohomology is:




Ñ H1pF q Ñ H1pF p1qq`4 Ñ    ,
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then by Table 8 we have that h0pF p1qq  2, and by the last exact sequence hompF ,TP3q ¥
8, therefore by Lemma 3.1.2 there also exist injective morphisms from F to TP3.
Also in the next case we have two possibilities for F , the general and the
special one.
Proposition 3.2.5. Let F be a stable rank 2 reflexive sheaf with Chern classes p0, 3, 6q.
Then there exist injective morphisms from F to TP3.
Proof. Tensoring the Euler sequence by F , we obtain the exact sequence:
0 Ñ F Ñ F p1q`4 Ñ F b TP3 Ñ 0.
For F general, taking cohomology and using Table 9




Ñ H1pF q Ñ H1pF p1qq`4  0,
we have hompF ,TP3q  9 and since h0pF p1qq  2 then hompF ,TP3q ¥ 4   h0pF p1qq,
therefore by Lemma 3.1.2 there exist injective morphisms from F to TP3.
Now for F special the long exact sequence in cohomology is:




Ñ H1pF q Ñ H1pF p1qq`4 Ñ    ,
Then by Table 10 we have that h0pF p1qq  3, and by the last exact sequence hompF ,TP3q ¥
12, therefore by Lemma 3.1.2 there also exist injective morphisms from F to TP3.
3.3 Existence of injective morphisms with torsion free cokernel
Likewise in the first section let F be a rank 2 reflexive stable sheaf on P3 with
c1pF q  0. Let us now establish conditions for the existence of injective morphisms from
F to TP3 with torsion free cokernel.
Suppose we have an injective morphism ϕ : F Ñ TP3, such that cokerϕ is not
torsion-free. Let K : cokerϕ and P be the maximal torsion subsheaf of K. Then we have
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the following commutative diagram:
P
















// K{P // 0
P
(3.5)
Where F 1 is the kernel of the morphism φ ω. Then since F 1 is included in an
exact sequence with TP3 locally free and K{P torsion free we have that F 1 is reflexive.
We then have a codimension one distribution:





1   2q Ñ 0, (3.6)
called the saturation of ϕ, where IZ1pd1   2q  K{P and d1 is the degree of
the distribution.
Lemma 3.3.1. Using the previous notation we have that hompF 1,TP3q ¤ hompF ,TP3q,
for every possible F 1.
Proof. From Diagram 3.5 we have the exact sequence
0 Ñ F Ñ F 1 Ñ P Ñ 0,
applying the functor Homp,TP3q we have the long exact sequence:
HompP,TP3q  0 Ñ HompF 1,TP3q Ñ HompF ,TP3q Ñ   
We obtain an injective morphism given by
HompF 1,TP3q Ñ HompF ,TP3q
φ1 ÝÑ φ1  η
(3.7)
Note also that hompF 1,TP3q ¤ hompF ,TP3q, for every possible F 1.
Lemma 3.3.2. Let F be a rank 2 reflexive stable sheaf on P3 with c1pF q  0, and let
ϕ : F Ñ TP3 be an injective morphism whose cokernel is not torsion free. If D 1 is the
saturation of ϕ then
degpD 1q   2.
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Proof. Let K, P and F 1 be like in Diagram 3.5, then by the Snake Lemma we have the
exact sequence
0 Ñ F Ñ F 1 Ñ P Ñ 0. (3.8)
We claim that P has codimension one. In fact if the codimension of P is greater than or
equal to 2, then taking dual in the last exact sequence we get
F  F_  F 1_,
therefore
F  F__  F 1__  F 1,
because F 1 is reflexive.
Being F  F 1 in the exact sequence 3.8, P must be zero, then we would have
that K is torsion free, contradicting our hypothesis.
P has pure dimension 2. Since Ext3pP,OP3q  0, P does not have subsheaf of
dimension zero.
If P 1 ãÑ P is a subsheaf of dimension one, then let P 2  P {P 1 and we have
Ext2pP,OP3q Ñ Ext2pP 1,OP3q Ñ Ext2pP 2,OP3q Ñ 0,
since Ext2pP,OP3q and Ext2pP 2,OP3q have dimension zero we have that dim Ext2pP 1,OP3q 
0 a contradiction.
It follows that c1pP q ¡ 0, thus
degD 1  2 c1pF 1q  2 pc1pF q   c1pP qq
 2 0 c1pP q   2.
The degree of D 1 is less than 2, then we have two possibilities: 0 or 1.
3.4 hompF 1,TP3q for all possibilities of F 1
Let us now calculate hompF 1,TP3q for all the possibilities of F 1 where F 1 is
the tangent sheaf of a codimension one distribution of degree 0 or 1. For degree 0 we have:
Proposition 3.4.1. If F 1 is the tangent sheaf of a codimension one distribution of degree
0, then hompF 1,TP3q is equal to 1 or 8.
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Proof. By Proposition 1.7.3 we have two possibilities, F 1  Np1q where N is a null
correlation bundle or F 1  OP3p1q`2.
If F 1  Np1q, then by definition of N we have the next exact sequence:







































































 2  4  8.
For degree 1 we have that the first chern class of F 1 is c1pF 1q  2  1  1,
then since F 1 is reflexive and has rank 2, by Propositions 2.1.8 and 2.1.5 we have
HompF 1,TP3q  H0
 




F 1p1q b TP3

.
Also we have a lemma that will help us in the next proposition.
Lemma 3.4.2. Let Y be given by the disjoint union of two lines L1, L2. Then
1. we have the exact sequence
0 Ñ IY Ñ IL1 Ñ OL2 Ñ 0;
2. and H0pIY p1qq  0.
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0 // IL1 //

OP3 // OL1 // 0
OL2
(3.9)
Let us now prove that H0 pIY p1qq  0. Let Z be any plane in P3, then
Y  Z Ø IZ  IY ,
but since Z is a plane we have IZ  OP3p1q. Then
Y  Z Ø σ : OP3p1q ãÑ IY P H0pIY p1qq .
Proposition 3.4.3. If F 1 is the tangent sheaf of a codimension one distribution of degree
1, then hompF 1,TP3q is equal to 1, 5, 12 or 19.
Proof. If F 1 is the tangent sheaf of a codimension one distribution of degree 1, then F 1
falls in one of the following cases, see Theorems 1.7.4, 1.7.5, 1.7.7 and 1.7.9:
$''''&''''%
piq F 1  OP3p1q `OP3
piiq F 1 : OP3p1q Ñ O`3P3 Ñ F
1
piiiq F 1 : OP3p2q ` TP3p3q Ñ OP3p1q`6 Ñ F 1
pivq F 1 : OP3 Ñ F 1 Ñ IY p1q
If F 1  OP3p1q `OP3 , then
HompOP3p1q `OP3 ,TP3q  H0pTP3p1qq `H0pTP3q,
therefore
hompOP3p1q `OP3 ,TP3q  4  15  19.
Let now, according to the classification, F 1 be in the exact sequence
0 Ñ OP3p1q Ñ O`3P3 Ñ F
1 Ñ 0.
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Ñ H0
 
F 1 b TP3p1q













F 1 b TP3p1q





 3p4q  12.
If F 1 is now in the exact sequence
0 Ñ OP3p2q ` TP3p3q Ñ OP3p1q`6 Ñ F 1 Ñ 0,















































the last sequence becomes
0 Ñ H0
 







Tensoring the Euler sequence with TP3p4q and taking cohomology we have



































F 1 b TP3p1q

 1.
Finally, let F 1 being in the exact sequence
0 Ñ OP3 Ñ F 1 Ñ IY p1q Ñ 0,
where IY is an ideal sheaf and Y is given by two skew lines in P3.
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Let Y  L1 \ L2, where L1 and L2 are the two skew lines. Tensoring the Euler
sequence by IY and taking cohomology we obtain the long exact sequence




Ñ H1pIY q Ñ
Ñ H1pIY p1qq`4 Ñ   
(3.11)
where h0pIY q  0, and h0pIY p1qq  0 because Y is not contained in a plane, see Lemma
3.4.2. Let us show that h1pIY q  1 and h1pIY p1qq  0.
From Lemma 3.4.2 we have the exact sequence
0 Ñ IY Ñ IL1 Ñ OL2 Ñ 0 (3.12)
and by the resolution of the line L1, exact sequence 3.14, we get that h1pIY q  h0pOL2q  1.
Also tensoring the sequence 3.12 by OP3p1q and taking cohomology we obtain
H0pIY p1qq  0 ÑH0pIL1p1qq Ñ H0pOL2p1qq Ñ
Ñ H1pIY p1qq Ñ H1pIL1p1qq Ñ   
(3.13)
Let L1 : tf  g  0u be the zero locus of the two degree one, homogeneous
polynomials f and g in P3. We then have the next exact sequence, where the first morphism
is given by multiplication by f and g respectively
0 Ñ OP3p2q Ñ OP3p1q`2 Ñ IL1 Ñ 0. (3.14)
Tensoring this last sequence by OP3p1q and taking cohomology we get
H0pOP3p1qq  0 Ñ H0pOP3q`2 Ñ H0pIL1p1qq Ñ 0  H1pOP3p1qq
then h0pIL1p1qq  2 . Also continuing the last cohomology sequence we get that h1pIL1p1qq 
0.
Therefore since h0pOL2p1qq  2  h0pIL1p1qq and h1pIL1p1qq  0 we have






 h1pIY q  1.
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F 1 b TP3p1q

 4  1  5.
In summary for degree 0 we have
#
F 1  OP3p1q`2, hompF 1,TP3q  8
F 1  Np1q, hompF 1,TP3q  1
and for degree 1$''''&''''%
F 1  OP3p1q `OP3 , hompF 1,TP3q  19
F 1 : OP3p2q ` TP3p3q Ñ OP3p1q`6 Ñ F 1 hompF 1,TP3q  1
F 1 : OP3 Ñ F 1 Ñ IY p1q hompF 1,TP3q  5
F 1 : OP3p1q Ñ O`3P3 Ñ F
1 hompF 1,TP3q  12
Lemma 3.4.4. Let F a rank 2 stable reflexive sheaf with c1pF q  0. If we have an
injective morphism ϕ : F Ñ TP3 whose cokernel is not torsion free, and we are in the
situation of the diagram 3.5, then F 1 cannot be OP3p1q `OP3.




ÝÑ OP3p1q `OP3 .
Now since the dual of σ1 : F Ñ OP3 belongs to H0pF q  0, we have σ1  0.
Then we have the injective morphism F σ0ÝÑ OP3p1q, which is impossible, because rk F 
2.
Remark 3.4.5. If we are in the same situation as in the last remark and F has one of the
following Chern classes p0, 2, 2q, p0, 3, 2q, p0, 3, 4q or p0, 3, 6q then F 1 cannot be pOP3p1qq`2
in the saturation of ϕ, because a distribution induced by pOP3p1qq`2 ãÑ TP3 is integrable,
and if exist a distribution with F being the tangent sheaf, those distributions are not
integrable.
In this situation, by Lemma 3.3.1 the possible saturations for ϕ, with F general
and having:
• Chern classes p0, 2, 2q, are all the other 4 possibilities for F 1, because hompF ,TP3q 
13, see Proposition 3.2.1.
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• Chern classes p0, 3, 2q, are the ones whose tangent sheaf F 1 is Np1q or is in the exact
sequence OP3p2q ` TP3p3q Ñ OP3p1q`6 Ñ F 1, because hompF ,TP3q  3, see
Proposition 3.2.2.
• Chern classes p0, 3, 4q, are the ones whose tangent sheaf F 1 is Np1q or is in one of
the next exact sequences OP3p2q ` TP3p3q Ñ OP3p1q`6 Ñ F 1 or OP3 Ñ F 1 Ñ
IY p1q, because hompF ,TP3q  6, see Proposition 3.2.4.
• Chern classes p0, 3, 6q, are the ones whose tangent sheaf F 1 is Np1q or is in one of
the next exact sequences OP3p2q ` TP3p3q Ñ OP3p1q`6 Ñ F 1 or OP3 Ñ F 1 Ñ
IY p1q, because hompF ,TP3q  9, see Proposition 3.2.5.
3.5 Applications.
3.5.1 Existence of distributions with Chern classes p0, 1, 2q.
Theorem 3.5.1. Let F be a properly semistable rank 2 reflexive sheaf with Chern classes
p0, 1, 2q. Then there exists a codimension one distribution of degree 2 with F being the
tangent sheaf.
Proof. For F a properly semistable rank 2 reflexive sheaf with Chern classes p0, 1, 2q, we
have the next exact sequence, see [4, Lemma 2.1]
0 Ñ OP3 Ñ F Ñ IL Ñ 0,
where IL is the ideal sheaf of a line in P3.
Now OP3 is 1-regular, because
H1pOP3q  H2pOP3p1qq  H3pOP3p2qq  0.
IL is also 1-regular, in fact the resolution of L is the exact sequence
0 Ñ OP3p2q Ñ O`2P3 p1q Ñ IL Ñ 0.
and OP3p2q is 2-regular, because for all i ¡ 0
H ippOP3p2qq p2 iqq  H ipOP3piqq  0.
Also O`2P3 p1q is 1-regular, because H
ipOP3piqq  0. Then by the second item of the
Proposition 1.2.3, IL is 1-regular.
Again by Proposition 1.2.3, item one, since OP3 and IL are 1-regular, then F
is 1-regular.
Finally, by Theorem 1.2.2 F p1q, is globally generated, then by Corollary 1.7.11
pF p1qq_ p1q  F is the tangent sheaf of a codimension one distribution of degree 2.
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3.6 Non-existence results
In this section we prove the non existence of distributions for the special sheaves
in the moduli spaces Mp0, 3, 4q and Mp0, 3, 6q.
For a codimension one degree two distribution D the invariants of Theorem
1.7.2 become
c2pTDq  6 degpCq
c3pTDq  lengthpU q  18 4 degpCq   2papCq.
(3.15)
The exact sequence 1.5 with d  2 becomes
D : 0 Ñ TD
φ
ÝÑ TP3 πÝÑ IZ{P3p4q Ñ 0, (3.16)
taking the dual of the exact sequence 3.16 we get
0 Ñ OP3p4q Ñ Ω1P3 Ñ TD
ξ





where ωC  Ext1pICp4q,OP3q  Ext1pIZp4q,OP3q is the dualizing sheaf of the curve C,
the last isomorphism is given by the exact sequence 1.3.
Let G : ker ξ. Using the exact sequence




0 for p  0
1 for p  0,
and
h2pG ppqq  0 for p ¥ 1.
Now using the exact sequence
0 Ñ G Ñ TD Ñ ωC Ñ 0
we obtain
h1pTDppqq  h
1pωCppqq for p ¥ 1. (3.18)
For ωC  Ext1pICp4q,OP3q the dualizing sheaf of the curve C, we have that
ωCpkq  Ext1pIC ,OP3pk  4qq . Let us apply the local to global spectral sequence to the
sheaves IC and OP3pk  4q.
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H0
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Ext1 pIC ,OP3 pk  4qq

H0pHom pIC ,OP3 pk  4qqq H1pHom pIC ,OP3 pk  4qqq H2pHom pIC ,OP3 pk  4qqq H3pHom pIC ,OP3 pk  4qqq
Table 11 – Spectral sequence
Since HompIC ,OP3pk  4qq  OP3pk  4q, then
H1pHom pIC ,OP3pk  4qqq  H2pHom pIC ,OP3pk  4qqq  0, for all k P Z
and
H3pHom pIC ,OP3pk  4qqq  0 for all k ¥ 1.
Also by the exact sequence
0 Ñ IC Ñ OP3 Ñ OC Ñ 0
we get the next isomorphisms
0 Ñ Ext1pIC ,OP3pk  4qq Ñ Ext2pOC ,OP3pk  4qq Ñ 0,
0 Ñ Ext2pIC ,OP3pk  4qq Ñ Ext3pOC ,OP3pk  4qq Ñ 0,
0 Ñ Ext3pIC ,OP3pk  4qq Ñ 0  Ext4pOC ,OP3pk  4qq Ñ 0,
then by dimension
Ext3pIC ,OP3pk  4qq  Ext4pOC ,OP3pk  4qq  0,
and since C is a pure one dimensional subscheme, we have
Ext2pIC ,OP3pk  4qq  0.
Now since the sheaves ExtqpICpkq,OP3p4qq, for q  1, 2, 3 are supported in
the one dimensional scheme C, see [13, Proposition 1.1.6], then by the vanishing Theorem
of Grothendieck we have
H2
 






















Ext3 pIC ,OP3pk  4qq

 0
Then for k ¥ 1 the last Table becomes
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0 H1
 














Ext1 pIC ,OP3pk  4qq

0 0
H0pHom pIC ,OP3pk  4qqq 0 0 0
Table 12 – Spectral sequence
Then the spectral sequence has converged in page 2. Therefore for k ¥ 1
Ext2pIC ,OP3pk  4qq  H1
 
Ext1pIC ,OP3pk  4qq

 H1pωCpkqq ,
and by Serre duality
H1pωCpkqq  Ext2pIC ,OP3pk  4qq  H1pICpkqq . (3.19)
As an application of the previous work, we have the next two Theorems. Below
Mpc1, c2, c3q denotes the moduli space of stable rank 2 reflexive sheaves on P3 with Chern
classes pc1, c2, c3q.
Theorem 3.6.1. There exists no codimension one distributions, with the tangent sheaf
TD being an element of the special sheaves in the moduli spaces Mp0, 3, 4q,Mp0, 3, 6q.
Proof. Suppose on the contrary that there exists a codimension one distribution of degree
2
D : 0 Ñ TD
φ
ÝÑ TP3 πÝÑ IZ{P3p4q Ñ 0,
where TD is one of the special sheaves described, Z the singular scheme and C the one
dimensional component of Z.
If the tangent sheaf TD is a special sheaf in the moduli Mp0, 3, 6q, then by
equation (3.15), C is a degree 3 curve with arithmetic genus papCq  0.
In one hand by Table 10, h1 pTDp1qq  1, then by equation (3.18)
1  h1pTDp1qq  h1 pωCp1qq ,
on the other hand by Proposition 2.3.4 the Hilbert scheme of pure dimensional curves
of degree 3 with papCq  0 consists of arithmetically Cohen-Macaulay curves, then
H1pICppqq  0 for every p and using the isomorphisms in 3.19 we get
0  h1pICp1qq  h1 pωCp1qq ,
and we have a contradiction, then TD cannot be the tangent sheaf of a codimension one
distribution of degree 2.
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Now if the tangent sheaf TD is a special sheaf in the moduli space Mp0, 3, 4q,
then by 3.15, C is a degree 3 curve with arithmetic genus papCq  1. The Hilbert scheme
of these curves consists of extremal curves, then by Proposition 2.3.3 h1 pICp1qq  0,
and by 3.19,
h1pωCp1qq  h1 pICp1qq  0.
Now by Table 8 and Equation (3.18) we obtain like in the case before
1  h1pTDp1qq  h1 pωCp1qq ,
again a contradiction, then TD cannot be the tangent sheaf of a codimension one distribution
of degree 2.
Remark 3.6.2. Although there are not codimension one distributions of degree 2, with
the tangent sheaf being a special sheaf in the moduli spaces Mp0, 3, 4q,Mp0, 3, 6q, there
exists injective morphism from this special sheaves to TP3, see Propositions 3.2.4 and
3.2.5.
Theorem 3.6.3. The one dimensional component, of the singular scheme of a codimension
one degree 2 distribution with tangent sheaf being general with chern classes p0, 3, 2q, is
given by the disjoint union of three lines, if such distributions exist. If there exists a
distribution with the tangent sheaf being special with the same Chern classes, then the one
dimensional component is the union of a double line with a line, which meet in a double
point.
Proof. Let C be the one dimensional component of the singular scheme of a distribution,
with tangent sheaf being general with Chern classes p0, 3, 2q. We know from Table 1 that
C P Hp3,2q. From Proposition 2.3.5 we know that Hp3,2q is given by two irreducible
families.
If C 1 is a curve in the first family, then C 1  W Y2P L, where W is a double
line with papW q  3 and L a line which meets W in a double point 2P . By the proof of
[23, Proposition 3.2] we have the next exact sequence
0 Ñ IC1 Ñ IW `IL Ñ I2P Ñ 0
Twisting by -1 and taking cohomology we have
H0pI2P p1qq Ñ H1pIC1p1qq Ñ H1pIW p1qq`H1pILp1qq Ñ H1 pI2P p1qq . (3.20)
From the exact sequence
0 Ñ I2P p1q Ñ OP3p1q Ñ O2P p1q Ñ 0,
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we have H0pI2P p1qq  0 and h1pI2P p1qq  h0pO2P p1qq  2.
From the resolution of the line L
0 Ñ OP3p2q Ñ O`2P3 p1q Ñ IL Ñ 0,
we get H1pILp1qq  0.
From the exact sequence
0 Ñ IW p1q Ñ OP3p1q Ñ OW p1q Ñ 0,
we obtain H0pOW p1qq  H1pIW p1qq.
For the double line W with papZq  3, from the exact sequence 2.3 we have
the exact sequence
0 Ñ OL1p2q Ñ OW Ñ OL1 Ñ 0,
where L1 is a line. twisting by -1 and taking cohomology we have h0pOW p1qq 
h0pOL1p1qq  2  h1pIW p1qq.
The exact sequence 3.20 becomes
0 Ñ H1pIC1p1qq Ñ H1pIW p1qq Ñ H1pI2P p1qq . (3.21)
By the proof of Proposition 2.3.5 we know that C 1 is a extremal curve, then
using Proposition 2.3.3 we find that ra  2  1  1, then h1pIC1p1qq  0, and from
the last sequence we have that the only possibilities to h1pIC1p1qq are 1 or 2.
If C 1 P Hp3,2q is in the second family from the proof of Proposition 2.3.5 we
have h1pIC1p1qq  0.
Suppose that TD is a general member in Mp0, 3, 2q and is the tangent sheaf
of a codimension one degree two distribution. Suppose that C is the one dimensional
component of the singular scheme and ωC the dualizing sheaf.
By Equation (3.18) and 3.19 we have
h1pTDp1qq  h1pωCp1qq
h1pωCp1qq  h1pICp1qq ,
by Table 4 we have h1pTDp1qq  0  h1pICp1qq, then the curve C cannot be in the first
family of the Hilbert scheme Hp3,2q, then C is given by the disjoint union of three lines.
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Now if there exists a distribution, being the tangent sheaf TD one of the special
cases in Mp0, 3, 2q, we would have, for the special one h1pTDp1qq  2 see Table 5, and
for the special two h1pTDp1qq  1 see Table 6. Then by the arguments above, C the one
dimensional component of the singular scheme, would be in the first family of Hp3,2q i.e.,
C would be the union of a double line with another line, meeting in a double point.
In summary we have the next table. In the table F pc1, c2, c3q will mean a stable
rank 2 reflexive sheaf with Chern classes pc1, c2, c3q. The second column indicate if there
exist or not injective morphisms from F to TP3. The third column indicate if there exist
or not a codimension one distributions of degree 2, with F the tangent sheaf. The fifth
column indicate the possibles tangent sheaf of the saturation of a non injective morphism
from F to TP3, according to the next list.
1. F 1  Np1q
2. F 1 : OP3p2q ` TP3p3q Ñ OP3p1q`6 Ñ F 1
3. F 1 : OP3 Ñ F 1 Ñ IY p1q
4. F 1 : OP3p1q Ñ O`3P3 Ñ F
1
F F ãÑ TP3 Distribution hompF ,TP3q Saturation
F p0, 2, 2q yes we do not know 13 1, 2, 3, 4
General F p0, 3, 2q yes we do not know 3 1, 2
Special 1 F p0, 3, 2q yes we do not know ¥ 8 1, 2, 3, 4
Special 2 F p0, 3, 2q we do not know we do not know ¥ 4 1, 2, 3, 4
General F p0, 3, 4q yes we do not know 6 1, 2, 3
Special F p0, 3, 4q yes no ¥ 8 1, 2, 3, 4
General F p0, 3, 6q yes we do not know 9 1, 2, 3
Special F p0, 3, 6q yes no ¥ 12 1, 2, 3, 4
Table 13 – Summary
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CHAPTER 4
MODULI SPACE OF DISTRIBUTIONS
4.1 Moduli Space of Codimension one degree 2 distributions
In this section, we provide explicit descriptions of the moduli spaces of distri-
butions. We denote the moduli space DP with
P 
1
3pt  3qpt  2qpt  1q  
1
2pt  2qpt  1qp2 dq  pt  2qc 
1
2 pl   pd 2qcq ,
by Dpd, c, lq; where D is a codimension one distribution on P3, note that d is the degree
of D , c  c2pTDq and l  c3pTDq. Similarly, Dstpd, c, lq : DP,st.
Our main tool is the forgetful morphism described in Lemma 1.6.4
$ : Dstpd, c, lq Ñ Mp2 d, c, lq, $prDsq : rTD s,
where Mp2 d, c, lq denotes the moduli space of stable rank 2 reflexive sheaves on P3 with
Chern classes pc1, c2, c3q  p2 d, c, lq.
To use the Lemma 1.6.4 we need the next proposition whose proof can be found
in [8].
Proposition 4.1.1. If D is a codimension one degree 2 distribution with c2pTDq  2, 3,
then TD is stable.
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for every k ¥ 1.
Proof. Let F be a rank 2 stable reflexive with Chern classes p0, 2, 4q. By Table 3 we can
see that F is 1-regular, then by Theorem 1.2.2 F pkq is globally generated for k ¥ 1. Let
G  F pkq, by Corollary 1.7.11 G _p1q  F p1 kq, is the tangent sheaf of a codimension
one distribution Dk of degree c1pG q  0  2k  2k for every k ¥ 1.
Dk : 0 Ñ F p1 kq Ñ TP3 Ñ IZp2k   2q Ñ 0,
Note that
c1pF p1 kqq  2 2k, c2pF p1 kqq  2  p1 kq2 and c3pF p1 kqq  4.
We have the forgetful morphism:
$ : Dstp2k, 2  p1 kq2, 4q Ñ Mp2 2k, 2  p1 kq2, 4q  Mp0, 2, 4q,
where Mp2 2k, 2  p1 kq2, 4q  Mp0, 2, 4q and the isomorphism is given by taking an
element rG s P Mp2 2k, 2 p1 kq2, 4q to the element rG pk 1qs P Mp0, 2, 4q. The space
Mp0, 2, 4q is irreducible of dimension 13, see Theorem 2.2.4. Let us verify the hypothesis
of Lemma 1.6.4.
Let rG s P Mp2 2k, 2  p1 kq2, 4q, then there exists rF s P Mp0, 2, 4q such
that rG s  rF p1 kqs, then rG _p1qs  rF pkqs, and G _p1q is globally generated for k ¥ 1.
Therefore by Corollary 1.7.11 G is the tangent sheaf of a codimension one distribution on
P3:
DG : 0 Ñ G Ñ TP3 Ñ IZp2k   2q Ñ 0,
and, $prDG sq  rG s, therefore $ is surjective.
Let now rF p1  kqs P Mp2  2k, 2   p1  kq2, 4q, with rF s P Mp0, 2, 4q. Let
us show that dim HompF p1 kq,TP3q  dimH0pTP3 bF pk  1qq is constant for every
rF s P Mp0, 2, 4q and fixed k ¥ 1.
Tensoring the Euler sequence by F pk  1q, we have the exact sequence
0 Ñ F pk  1q Ñ pF pkqq`4 Ñ TP3 bF pk  1q Ñ 0,
taking cohomology and using Table 3, we obtain
0 Ñ H0pF pk  1qq Ñ H0pF pkqq`4 Ñ H0
 
TP3 bF pk  1q





TP3 bF pk  1q

 4h0pF pkqq  h0pF pk  1qq . (4.1)
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On the other hand, for every rF s P Mp0, 2, 4q, we have the next exact sequence, see
Lemma 2.2.5
0 Ñ OP3p1q`2 Ñ O`4P3 Ñ F p1q Ñ 0,
tensoring by OP3pk  1q and taking cohomology we get
0 Ñ H0pOP3pk  2qq`2 Ñ H0pOP3pk  1qq`4 Ñ H0pF pkqq Ñ 0  H1pOP3pk  2qq`2 ,
then














Now using equation (4.1) we have that
h0
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for every rF s P Mp0, 2, 4q.
Then by Lemma 1.6.4, Dstp2k, 2  p1 kq2, 4q is irreducible and has dimension





















































 6k  2,
for every k ¥ 1.
Proof. Let F be a rank 2 stable reflexive with Chern classes p0, 2, 0q, then F is a charge
2 instanton, see [12, Section 9]. Also F is 2-regular, then F pkq is globally generated for
k ¥ 2. Let G  F pkq, by Corollary 1.7.11, G _p1q  F p1  kq is the tangent sheaf of a
codimension one distribution Dk of degree c1pG q  0  2k  2k, for every k ¥ 2.
Dk : 0 Ñ F p1 kq Ñ TP3 Ñ IZp2k   2q Ñ 0,
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Note that
c1pF p1 kqq  2 2k, c2pF p1 kqq  2  p1 kq2 and c3pF p1 kqq  0.
We have the forgetful morphism:
$ : Dstp2k, 2  p1 kq2, 0q Ñ Mp2 2k, 2  p1 kq2, 0q  Mp0, 2, 0q,
where Mp0, 2, 0q is irreducible of dimension 13, see [12]. Let us verify the hypothesis of
Lemma 1.6.4.
Let rG s P Mp2 2k, 2  p1 kq2, 0q, then there exists rF s P Mp0, 2, 0q such
that rG s  rF p1 kqs, then rG _p1qs  rF pkqs, and G _p1q is globally generated for k ¥ 2.
Therefore by Corollary 1.7.11 G is the tangent sheaf of a codimension one distribution on
P3:
DG : 0 Ñ G Ñ TP3 Ñ IZp2k   2q Ñ 0,
and, $prDG sq  rG s, therefore $ is surjective.
Let now rF p1  kqs P Mp2  2k, 2   p1  kq2, 0q, with rF s P Mp0, 2, 0q. Let
us show that dim HompF p1 kq,TP3q  dimH0pTP3 bF pk  1qq is constant for every
rF s P Mp0, 2, 0q and fixed k ¥ 2.
Tensoring the Euler sequence by F pk  1q, we have the exact sequence
0 Ñ F pk  1q Ñ pF pkqq`4 Ñ TP3 bF pk  1q Ñ 0,
since F is a charge 2 instanton we have h1pF pkqq  0 for k  1, 0, then taking
cohomology, for k ¥ 2, we obtain
0 Ñ H0pF pk  1qq Ñ H0pF pkqq`4 Ñ H0
 
TP3 bF pk  1q





TP3 bF pk  1q

 4h0pF pkqq  h0pF pk  1qq . (4.2)
Also since F is a charge 2 instanton we have






 2pk   2q.
Now using equation (4.2) we have that
h0
 


































 6k  14,
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for every rF s P Mp0, 2, 0q.
Then by Lemma 1.6.4, Dstp2k, 2  p1 kq2, 0q is irreducible and has dimension


























 6k  2.
For k  1 the proof is done in [18, Proposition 11.3].














 4k   3,
for every k ¥ 2.
Proof. Let F be a rank 2 stable reflexive with Chern classes p0, 2, 2q. By Table 2 F is
2-regular, then by Theorem 1.2.2 F pkq is globally generated for k ¥ 2. Let G  F pkq, by
Corollary 1.7.11, G _p1q  F p1kq, is the tangent sheaf of a codimension one distribution
Dk of degree c1pG q  0  2k  2k for every k ¥ 2.
Dk : 0 Ñ F p1 kq Ñ TP3 Ñ IZp2k   2q Ñ 0, @ k ¥ 2.
Note that
c1pF p1 kqq  2 2k, c2pF p1 kqq  2  p1 kq2 and c3pF p1 kqq  2
We have then the forgetful morphism:
$ : Dstp2k, 2  p1 kq2, 2q Ñ Mp2 2k, 2  p1 kq2, 2q  Mp0, 2, 2q,
where Mp0, 2, 2q is irreducible of dimension 13, see Theorem 2.2.3. Let us verify the
hypothesis of Lemma 1.6.4.
Let rG s P Mp2 2k, 2  p1 kq2, 2q, then there exists rF s P Mp0, 2, 2q such
that rG s  rF p1 kqs, then rG _p1qs  rF pkqs, and G _p1q is globally generated for k ¥ 2.
Therefore by Corollary 1.7.11 G is the tangent sheaf of a codimension one distribution on
P3:
DG : 0 Ñ G Ñ TP3 Ñ IZp2k   2q Ñ 0,
and $prDG sq  rG s, therefore $ is surjective.
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Let now rF p1  kqs P Mp2  2k, 2   p1  kq2, 2q, with rF s P Mp0, 2, 2q. Let
us show that dim HompF p1 kq,TP3q  dimH0pTP3 bF pk  1qq is constant for every
F P Mp0, 2, 2q and fixed k ¥ 2.
Tensoring the Euler sequence by F pk  1q, we have the exact sequence
0 Ñ F pk  1q Ñ pF pkqq`4 Ñ TP3 bF pk  1q Ñ 0,
taking cohomology and using Table 2, we obtain for k ¥ 2
0 Ñ H0pF pk  1qq Ñ H0pF pkqq`4 Ñ H0
 
TP3 bF pk  1q





TP3 bF pk  1q

 4h0 pF pkqq  h0 pF pk  1qq . (4.3)
Now
χpF pkqq  h0 pF pkqq  h1 pF pkqq   h2 pF pkqq  h3 pF pkqq ,
and, h1pF pkqq  h2pF pkqq  h3pF pkqq  0 for k ¥ 2, see Table 2, then
χpF pkqq  h0pF pkqq ,
on the other hand by Riemann-Roch






 2pk   2q   1,
then






 2pk   2q   1.
Now using equation (4.3) we have that
h0
 


































 4k  9,
for every rF s P Mp0, 2, 2q.
Then by Lemma 1.6.4, Dstp2k, 2  p1 kq2, 2q is irreducible and has dimension


























 4k   3, for all k ¥ 2.
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Theorem 4.1.5. If for every F with Chern classes p0, 2, 2q, F is the tangent sheaf of a
codimension one distribution of degree 2, then Dstp2, 2, 2q is an irreducible, quasi-projective
variety of dimension 25.
Proof. We know from Proposition 3.2.1 that hompF ,TP3q  13 constant for all rF s P
Mp0, 2, 2q. By hypothesis the image of the forgetful morphism would be Mp0, 2, 2q an by
Theorem 2.2.3 Mp0, 2, 2q is irreducible of dimension 13, then by Lemma 1.6.4, Dstp2, 2, 2q
is irreducible and has dimension
dim Dst  dim Mp0, 2, 2q   dim HompF ,TP3q  1  25.
For the next results we need the following modification of Lemma 1.6.4.
Theorem 4.1.6. Let $ : DP,st ÑMP,r,st be the forgetful morphism. If Im$ is irreducible
and dim HompF, TXq is constant for all rF s P Im$, then DP,st is irreducible and
dim DP,st  dim Im$   dim HompF, TXq  1.
Proof. Observe that the fiber over a point rF s P Im$ is precisely the set of all distributions
whose tangent sheaf is isomorphic to a given sheaf
DpF q : tφ P PHompF, TXq; kerφ  0 and cokerφ is torsion freeu
which is an open subset of PHompF, TXq. Therefore, since the image of $ is irreducible
and dim HompF, TXq is constant for all rF s in the image of $, then it follows that DP,st
is also irreducible, see [21, Section 6.3, Theorems 7 and 8].
Theorem 4.1.7. If for every general sheaf F with Chern classes p0, 3, 4q, F is the tangent
sheaf of a codimension one distribution of degree 2, then Dstp2, 3, 4q is an irreducible, quasi-
projective variety of dimension 26.
Proof. By hypothesis Dstp2, 3, 4q is not empty and we have the forgetful morphism
$ : Dstp2, 3, 4q Ñ Mp0, 3, 4q,
where the moduli Mp0, 3, 4q is irreducible of dimension 21, see Theorem 2.2.7.
By Theorem 3.6.1 the image of the forgetful morphism is the set of general
sheaves in Mp0, 3, 4q. This set is an open dense subset of Mp0, 3, 4q, then it is irreducible




is irreducible of dimension 21.
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is constant equal to 6.
Therefore by Theorem 4.1.6, Dstp2, 3, 4q is an irreducible variety of dimension









 21  6 1
 26.
Theorem 4.1.8. If for every general sheaf F with Chern classes p0, 3, 6q, F is the tangent
sheaf of a codimension one distribution of degree 2, then Dstp2, 3, 6q is an irreducible, quasi-
projective variety of dimension 29.
Proof. Like in the proof of the previous theorem, by hypothesis Dstp2, 3, 6q is not empty,
that is, there exists codimension one distributions with tangent sheaf having the Chern
classes p0, 3, 6q.
We have then the forgetful morphism
$ : Dstp2, 3, 6q Ñ Mp0, 3, 6q,
where the moduli Mp0, 3, 6q is irreducible of dimension 21, see Theorem 2.2.8.
By Theorem 3.6.1 the image of the forgetful morphism is the set of general
sheaves in Mp0, 3, 6q. This set is an open dense subset of Mp0, 3, 6q , then is irreducible





irreducible of dimension 21.








is constant equal to 9.
Therefore by Theorem 4.1.6, Dstp2, 3, 6q is an irreducible variety of dimension
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